We prove a Poisson type formula for the Schrödinger group. Such a formula had been derived in a previous article by the authors, as a consequence of the study of the asymptotic behavior of nonlinear wave operators for small data. In this note, we propose a direct proof, and extend the range allowed for the power of the nonlinearity to the set of all short range nonlinearities. Moreover, H 1 -critical nonlinearities are allowed.
Introduction
For n ≥ 1, define the Schrödinger group as U(t) = e i t 2 , where stands for the Laplacian of R n . We normalize the Fourier transform on R n as follows:
For r ≥ 2, we define δ(r) = n 2 − n r . The main result of this note is the following.
Then for all φ ∈ X p , and almost all ξ ∈ R n , the following identity olds:
where the space X p is defined as follows:
•
, the inhomogeneous Sobolev space.
For p = 1 + 4/n, the above result was proved in [2] . It was also established for 1 + 2/n < p < 1 + 4/n if n ≤ 2, and 1
relies on pseudo-conformal invariances for the nonlinear Schrödinger equation, as well as the explicit computation of the first nontrivial term in the asymptotic expansion of nonlinear wave operators near the origin. The proof in [2] is therefore rather indirect, and does not seem to allow the reasonable range of p of Theorem 1. In this note, we provide a direct proof of the above identity, which relies on the usual factorization of the Schrödinger group. Moreover, we extend the range of values allowed for p, and we consider a broader class (when p = 1 + 4/n) for the function φ. We also show that both terms in (1.2) become infinite when p = 1 + 2/n and φ is a Gaussian function (see Section 3). Note that p = 1 + 2/n corresponds to the long range case for the scattering theory associated to the nonlinear Schrödinger equation
See, e.g., [3, 4] and references therein. To conclude this comparison with the approach of [2], we mention that the right-hand side of (1.2) corresponds to the Fourier transform of the first nontrivial term in the asymptotic expansion near the origin of the wave operators W ± associated to (1.3) (the first term of this expansion is always the identity, see, e.g., [1]). Let us point out some similarities between (1.2) and the usual Poisson formula. First, if we write U(t) = F −1 e −i t 2 |ξ | 2 F , we see that the right-hand side of (1.2) has an additional Fourier transform compared to the left-hand side. Moreover, we will see in the proof that (1.2) relies on an inversion t → 1/t. This is the same as for the
